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Nuclear excitons known Irom Mossbauer spectroscopy describe coherent excitations ol a large 
number of nuclei - analogous to Dicke states (or Dicke super-radiance) in quantum optics. In this 
paper, we study the possibihty of constructing a laser based on these coherent excitations. In con- 
trast to the free electron laser (in its usual design), such a device would be based on stimulated 
emission and thus might offer certain advantages, e.g., regarding energy-momentum accuracy. Un- 
fortunately, inserting realistic parameters, the window of operability is probably not open (yet) to 
present-day technology - but our design should be feasible in the UV regime, for example. 

PACS numbers: 42.50.-p, 42.55.Ah, 42.50.Gy, 33.25.-|-k. 
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The invention of the laser lead to a giant leap in the 
field of classical and quantum optics. This light source 
offers unprecedented possibilities regarding features such 
as coherence, intensity, and brilliance etc. Unfortunately, 
however, it is not easy to transfer this successful concept 
beyond the optical or near-optical regime, cf. [l|, Q . Free- 
electron lasers, for example, work at much higher energies 
- but their principle of operation (in their usual design) is 
more similar to classical emission instead of stimulated 
emission. As a result, their properties (e.g., regarding 
coherence) are not quite comparable to optical lasers. 

There is another phenomenon in this energy range 
©(kcV) in which coherence plays a crucial role - nu- 
clear excitons known from Mossbauer spectroscopy 0, | 
These coherent excitations of a large number of nuclei 
0] are analogous to Dicke states Q (also known as Dicke 
super-radiance |9l-lll|) in quantum optics. The coher- 
ence results in constructive interference of the emission 
amplitudes from many nuclei [l^ and is facilitated by the 
fact that the photon recoil is absorbed by the whole lat- 
tice [3, Q instead of the individual nuclei (which would 
destroy the coherence). For example, the coherent na- 
ture of the propagation of nuclear excitons through res- 
onant media, showing quantum beats, was observed in 
[l3l Il4| . Other cooperative effects of coherently excited 
nuclei have been studied, such as the collective Lamb 
shift [15[ , coherent control of nuclear x-ray pumping (l6[ , 
and electromagnetically induced transparency [17{ . 

In the following, we study the possibility of construct- 
ing a laser-type device employing these nuclear excitons, 
which is based on stimulated emission [l^l ■ Such a device 
could combine the advantages of the free-electron laser 
with the coherence and brilliance of nuclear excitons. 



First, we describe a single nucleus as a two-level sys- 
tem with transition frequency w interacting resonantly 
with a single-mode field. In rotating-wave and dipolc ap- 
proximation, the Hamiltonian can then be cast into the 
standard form (h = c ~ Eq ~ I) 

^single = (gacr+e''"-''* + H.c.) + | (ct^ + 1) -f tva^a . (1) 

As usual, the ladder operators ct^ = (ct^ ± iaf)/2 and 
the Pauli matrix cr| describe the two-level system. The 
first term governs the interaction (with coupling con- 
stant g) with the electromagnetic field and thus con- 
tains photonic annihilation and creation operators a/ a) 
and phase factors e"^'"'^ depending on the location of the 
nucleus, r^, and the wavenumber k ~ k oi the photon 
mode with \k\ = w. The second and third term account 
for the energy stored in the two-level nucleus and in the 
single-mode field, respectively. When dealing with many 
5 3> 1 two-level nuclei instead of one, we can sum up the 
individual-nucleus Hamiltonians and arrive at 



H = ,9aE+ + H.c, 



+ bja* d , 



(2) 



where quasispin-5-operators have been introduced 

s s 

S±=^a±exp{±zK.ra, E^ = - ^ a| . (3) 
1=1 1=1 

In the interaction picture, the perturbation Hamiltonian, 
originating from the first term in Eq. ([2]), reads 



V == gai:+ + H.c. 



(4) 
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The quasispin-S'-operators S^ = S^ ± iS^ and S^ gen- 
erate an SU{2) algebra [l^. Thus, the transition matrix 
elements for collective transitions not only depend on the 



number of nuclei involved, but also on the number of ex- 
citations s 



E+ls) = ^{S-s)is + l)\s + l) , 



1 s s-1 



(5) 



where \s) oc (S"'')* |0) denotes a coherent state with s 
excitons, often referred to as Dicke states M. 



III. COHERENT EMISSION 

In contrast to the spontaneous decay of a single ex- 
cited nucleus, where the resulting photon can be emitted 
in all directions, exciton states as in Eq. ([5]) predomi- 
nantly emit photons in forward direction k. Only in this 
case, all the phases e*'*'"'' add up coherently (we assume 
random locations r^), see Fig.[T] We will now investigate 
spontaneous and stimulated emission from an ensemble 
of S coherently excited nuclei in more detail. 
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(a) 



(b) 



FIG. 1: Sketch of the coherent properties of nuclear excitons. 
An incident photon with wave-vector k is absorbed (a) by an 
ensemble of S ^ 1 nuclei (two-level systems) and thus gener- 
ates a Dicke state |s = 1). Then the decay amplitudes of all 
these nuclei add up coherently in forward direction such that 
the absorption is followed by collective spontaneous emission 
into the same direction (b). 



A. Spontaneous emission 

We start with the case of collective spontaneous emis- 
sion (a.k.a. Dicke super-radiance (MtIII) from a coherent 
state \s). First of all, as the S nuclei are not enclosed by 
a resonator or a cavity in our set-up, we have to consider 
all fc-modes. Thus, the Hamiltonian Q changes into 

V^p (r) = f d'k gkcik e-<^k--')rt+ (fc) + h.c. , (6) 

where a^ is the photonic annihilation operator for the 
mode k with frequency uj^ and g^ the associated cou- 
pling strength. Note that we neglect polarization ef- 
fects, i.e., we assume that the polarization vectors are 
directed along the same axis as the dipole moments of 
the absorbing nuclei. Furthermore, S"*" (fc) denotes the 
quasispin-S'-operators with the wavenumbcr k instead of 
K. However, when fe is not close to n, the phase fac- 
tors of E^ (fe) and \s) do not match, and the transition 



is not coherent, i.e., not enhanced by a factor S accord- 
ing to Eq. (O, and can thus be neglected. Note that 
this is the reason why collectively emitted photons are 
directed along (almost) the same axis as previously ab- 
sorbed photons [9l-[ll|. see also Fig. [TJ For simplicity, 
the quasispin-S'-operators arc therefore approximated by 
introducing a cut-off function g {n — k) that is only non- 
zero for small deviations k — fe of the supported direc- 
tion k;, i.e., S* (fe) w g {k — k) E*. For large S, we 
may approximate the quasispin-S'-operators classically, 
i.e., E^ ~ E^ = ^/{S — s + 1) s, and thus the effect of 
the Hamiltonian Eq. ^ acting on the vacuum state can 
be expressed by a coherent state 



(7) 



Uspit) |0) « exp / d'kakal - H.c. |0) , 



with the amplitudes 

i^k - .gfc.g(K - fc)v/(S-s + l)s / dT e*K-")^ . (8) 

Jo 

The number of emitted photons per mode is given by 
|afcp and the total photon number grows linearly with t 



t 



M^ = / d'k |afc|2 ^2^''{S-s + 1) s|.g^|2-^ , 



(9) 



where L\_ denotes the transversal cross-section area of 
the ensemble, which determines the transverse area in fc- 
space where g{K,— k) is non-zero. In addition to this spa- 
tial resonance condition, the temporal resonance was in- 
corporated via approximating the squared time-integral 
by f^ for \ujk ~ uj\ < 1/t and zero otherwise. 

Strictly speaking, this relation is only valid for a fixed 
number of excitations s, i.e., the time-dependence of s{t) 
due to the emission of photons (energy conservation) 
is neglected. Assuming that this time-dependence s(t) 
is slow compared to uj (i.e., that the coupling strength 
is small enough), we may take it into account approxi- 
mately via defining the instantaneous spontaneous emis- 
sion rate 

.it)^^^l[S-s{t) + l]sit), (10) 



r, 



spV 



dt 



with the abbreviation 7 = 2TT'^\gK,\'^ /L']_. The change of 
s(t) in the time interval dt is then governed by rsp(t) 



ds{t) 
dt 



-r,p(f) = -7[s-s(t) + i]s(f). (11) 



For the initial condition s(0) = S/2 (sec below), the so- 
lution for S 3> 1 is given by 



s{t) 



S 



1 + eiSt 



(12) 



This yields the intensity due to spontaneous emission 

dE 1 _ ds{t) w 
It IX ^ dt 



/.p 



w = -——-- 



LI 



]jShcch' (7St/2) ^ , (13) 



where L ^ is the cross-section area of the emitted beam, 



see also [20|. The time-dependence in the sech-fmiction 
can be used to define an effective time constant via 



' sp 



4 

7^' 



(14) 



after which /sp(i) has dropped to 7% of its initial value. 
Let us now briefly compare this time-scale Tgp for the co- 
herent spontaneous emission process with the time-scale 
in the incoherent case. For incoherent emission from s ex- 
cited nuclei, we can regard each nucleus independently. 
According to standard Weisskopf-Wigner theory [2l| , the 
life-time of an excited nucleus is given by 



1 



1 



1 



^single 



single 



Stt^ \9. 



Comparing the two time-scales Eq. (fT4|) and (fT5 



'sp 






(15) 



(16) 



we find that for large S, the coherent spontaneous emis- 
sion process is much faster than the incoherent process 
(see also jl^). Taking for example S = 10^° ^''Fe- 
nuclei with resonance at AE^ = 14.4 keV, lifetime 
Tsingio = 141 ns and L± = 0.1 ^m, the quotient eval- 
uates to Tsp/Tsingio ~ 0.09, i.e. the coherent emission 
runs over ten times faster than the incoherent emission. 
Note that there are also competing processes, such as de- 
cay via electron conversion - but they are incoherent and 
thus can be suppressed for large S, i.e., small Tgp. 



This yields the emitted intensity 1st {t) stimulated by the 
incoming intensity I-mit) 






2,9 



dT^lUr)]VUt), (20) 



where we have assumed that both beams have the same 
cross-section area L\. 

Wc define the time-scale of the stimulated emission as 
the time Tst, after which all the energy initially stored in 
the 5* nuclei has been emitted, i.e.. 



dTv//in(T) == — r 

^y 



(21) 



Now let us imagine that we have two separate ensembles 
(e.g., foils) of coherently excited nuclei, such that the first 
foil spontaneously emits the intensity Iin{t) as in Eq. (J13p 
which causes stimulated emission according to Eq. (|20p in 
the second foil. In this case, we can insert Iin{t) = Isp{t), 
and Eq. ([2T|) can be solved for Tgt 



Tst 



— -- ArTanh 



T^^'Wl 



0.16 XTsp. (22) 



Since both foils contain the same nuclei (with the same 
coupling strengths), the time-scale for the stimulated 
emission of the second foil, Tst , is completely determined 
by the time-scale of the spontaneous emission process of 
the first foil, Tgp. 



B. Stimulated emission 

In order to study stimulated emission from a coher- 
ently excited S'-nuclei ensemble, we regard the incoming 
field A[n{t) = \//in(i)/w classically. That is, we use the 
Hamiltonian Eq. (|4]), but replace ga by gAin(t). For sim- 
plicity, we assume the transition matrix element g of the 
nucleus to be real 



fst = gAinit) (±+ + ±-]= 2gAi„(i)E" 



(17) 



Applying Heisenberg picture and employing the proper- 
ties of the S'C/(2)-algebra yields 



UJ^{t)^''Ustit) = cos 2.9 / dr Ai„(r) S 



+ smi2g dTAin{T)\ty. (18) 

As envisaged for laser application (see below), we choose 
s(0) = S here, that is all S nuclei are in the coherently 
excited state. The time-dependent number of excitations 
is given by (S'| C/Jt(i)E^f7st + S/2 \S) and thus the energy 
stored in the S nuclei at time t is 



^(0^^ 



cos (2.9 / dTAinir)] +1 



(19) 



IV. PUMPING 

After having discussed coherent spontaneous emission 
as well as coherent stimulated emission, let us investigate 
the pumping process for a single foil of 5' nuclei, which 
are initially in the state s = 0, i.e., (0| E^ |0) = ~S/2. 

Note that it is very easy to over- or under-estimate 
the efficiency of the pumping process by using too sim- 
plified pictures. On the one hand, one might expect that 
the number of cxcitons in the foil grows linearly with the 
number of photons incident and thus linearly with the 
interaction time t. However, this is only true for pump- 
ing with incoherent light (for further details, see the ap- 
pendix), but not for coherent pumping, which is the case 
considered here. On the other hand, since the transition 
matrix elements in Eq. ([5]) scale with -^/s and thus the 
effective line- width increases with s, one might expect a 
behavior like s oc s, which would imply an exponential 
growth s{t) ex e"*, at least for small s -^ S. This pic- 
ture is also wrong, since - in view of the unitarity of the 
time-evolution - not just the absorption rate but also the 
emission rate increase with s. Thus, the correct answer 
is that s{t) grows quadratically s{t) ex i^ for small s, i.e., 
somewhere in between linear and exponential. 

To show this, let us consider pumping with one coher- 
ent pump-pulse j4pujjjp(t) for the whole interaction time. 
We can employ the Hamiltonian Eq. p7|) again with the 



sole difference that the incoming field Ain{t) is now given 
by the pump-field An(i) = ^pump(i)- Thus, Eq. ((1 
again holds, and the exciton number is given by 



sit) 



S_ 
2 



1 - cos ( 25 / dr Apu,np(r) 

= Sg^fJ dr Ap^n^pir)) + O {~gH*) , (23) 

i.e., the exciton number grows quadratically for small 
t (for an alternative approach, see the appendix). We 
moreover find that a full cycle (i.e., a sign flip of S^ ^• 
— S^) occurs after the pump time Tpump where 



drA 



pumpiTJ — „_ 



(24) 



The simplest example would be a constant pump pulse 
^pump = ^0 with Tpump = T^/C^gAo). In order to see if 
such a pump-field is feasible in general, we calculate a 
rough estimate for the required intensity of the pump- 
field. For simplicity, we assume that the intensity is con- 

V^pump/w. Then 



stant over the pulse, i.e., Apump(i) 

pump 



we find /pump = 7r2wV(4gV^ump)- Now g can be ex- 



pressed in terms of the (single-nucleus) decay rate Fgingio 
and the frequency uj of the considered nuclear excitation 
(see the appendix). Moreover, if we replace the coherent 



pulse- length 



pump 



= mX = 27rat/cj by the number ^ri of 



(coherent) wave-cycles, we find 



1 



327rfn2 r. 



(25) 



Thus, nuclear resonances with low energies ui but high 
decay-rates Fsingic require low pump intensities. Con- 
crete examples will be discussed at the end of this article. 



V. LASER 

Now we have gathered all the tools required to under- 
stand the set-up of the proposed nuclear exciton laser. 
The envisaged set-up consists of a series of A^ ^ 1 foils 
n = l,2,...,iV, each foil containing Sn nuclei (two-level 
systems) with a nuclear resonance at frequency w. At 
the beginning, we assume that all n = 1,2,...,N foils 
are in the ground state, corresponding to a quasi-spin 
Sf, = -5„/2, seeFig.Ha). 

To prepare the emission of a laser pulse, the foils need 
to be pumped to suitable coherent states. Let us distin- 
guish between the first foil and all later foils n = 2, ..., N. 
While the latter all should be pumped to the maximum 
of S^ = Sn/2, i.e., Sn = Sn, the first foil should only be 
pumped such that half of the nuclei are in the excited 
state, i.e., Ef = and si = Si/2. For simplicity, we en- 
visage the whole pumping process to be achieved by only 
one coherent pump-pulse, which goes through all the foils 
one after another and is only weakly changed by absorp- 
tion. The pump-pulse should satisfy Eq. ([M|) in order to 
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FIG. 2: Sketch of the operation sequence of tlie proposed 
nuclear exciton laser. Initially, all foils (here A^ = 3) are in 
the ground state EJ; — —S„/2 (a). The pump-pulse then 
rotates the quasispin of the first foil to Ef = and the qua- 
sispin of all subsequent foils to Ef, = +Sn/'2 (b). Then, the 
"half-filled" first foil spontaneously emits a pulse /ap(t), which 
stimulates emission at foils 2 and 3, leading to an enhanced 

(3) 



overall intensity /t„t^i(i) (c 



rotate the quasispin S^ of each foil from Ef^ = — S'„/2 to 
Ejj = +Sn/2. Additional measures need to be taken to 
ensure that the first foil is only pumped to si = Si/2. 
One option could be to have a different kind of nuclei in 
the first foil, which have the same resonance frequency as 
those in the other foils, while the coupling strengths differ 
by a factor of two (approximately). Another option could 
be to switch the first foil (mechanically or magnetically 
[23H23I) during the pumping process. 

When the set-up is prepared as shown in Fig. [H^b), 
the emission process automatically starts, as the first foil 
immediately begins with the spontaneous emission dis- 
cussed above, Eq. ([T^ . The idea is that, due to the 
"half-filled" coherent state Sf = 0, the emission process 
of the first foil happens much faster than the spontaneous 
enfission of the subsequent foils. Taking, e.g., the second 
foil (s2 = 5*2), the time-scale for the emission of a single 
photon would be l/Fgp = 1/(7S'2). For the first foil, the 
time-scale for the whole emission process (of nearly all 
photons, not only one) is given by Tgp = 4/(7S'i). So 
by choosing 5*1 » 82, e.g., by making the first foil ten 
times thicker than the subsequent foils, it is assured that 
the second foil is still in the state E2 = S2/2, when the 
intensity emitted from the first foil is incident. 

Stimulated emission then occurs at the second foil ac- 
cording to Eq. (PU)) and the second foil has emitted all 
its energy after Tst ~ 0.16 x Tsp, i.e., before the stim- 
ulating pulse coming from the first foil declines. After 
the second foil, the overall intensity thus adds up to 



r(2) 



(2) 



^total(0 = hp{t) + ht 



(t). This overall intensity then 
causes stimulated emission at the third foil, resulting in 

an even bigger intensity /t^^tai(*), = 4otai(0 + 4?^ (0, etc. 
In this way, the intensity of the light pulse grows stepwise 
with each passed foil. 



Numerical analysis has been done for the case of 
N = 50 foils. Iteratively, 1st (t) "^^^ calculated from 



4"t;:'^W, where/it,(t) 



(1) 



An-l}i 
^total 



{t)+4:^\t), starting 



total (^) ~ ^spit). It was assumed that the first foil 

■vlO 57 



with I^ 

consists of Si = 10^" "Fe-nuclei (with AE^ = 14.4 keV 
and T = 141 ns) while all other foils are ten times thin- 
ner, i.e., Sn = 10^. Transversal dimensions of the foils 
and the laser beam are chosen as L^ = (0.1 /im)^. 

Note that the useful part of the laser pulse ^"tii(^) 
is determined by the time after which the last foil has 
emitted all its excitations, t^" , because afterwards re- 

(n) 

absorption takes place. This time Tg\. becomes shorter 
with rising n, as the intensity which causes the stimulated 
emission grows with n. As a result, the average intensity 
of the useful part of the laser pulse. 



^total {„) 

Tst 



"'^ ^totalV J 



(26) 



increases with a power law. In the concrete example given 
above, /^"j!jj grows roughly ex n'^/^, see Fig. [S] 
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FIG. 3: Average intensity I^^^^i over number of foil n from 

numerical analysis. In this example, I^^^^i roughly increases 
as a power law oc n^". 



VI. CONCLUSIONS 

In summary, we described a proposal for a laser in the 
©(keV) regime which is based on stimulated emission 
and works with nuclear excitons. The pumping could 
be achieved with a free-electron laser, for example. Note 
that the pump pulse ^pump and the generated laser pulse 
^lasor both correspond to a 180°-rotation of the last foil 
according to Eq. ((T5)) and thus are related via 



drA 



pump 



M = 



dTAiaser(T) = — . (27) 
25 



However, the intensity of the pump pulse ex |Apumpl is 
much larger than that of the laser pulse ex l^^^scr I ■ ^^ ^^^ 
other hand, the duration r^j of the laser pulse is much 
larger and thus its frequency accuracy is much higher 
(see also [2g for a different approach). This could be 
important for spectroscopy etc. 

Let us discuss some example data for the required in- 
tensity of the pump-pulse. First, we consider ^^Fe-nuclei 
with a resonance at AE- 



7 



14.4 keV with a mean life- 
time of T = 141 ns. If we assume that the pump pulse 
consists of D1 = 10^ coherent wave-trains, we would need 
a pump intensity of /pump ~ 8.3 • 10^° W/cm^ accord- 
ing to Eq. (pS)) . (Comparable or even higher intensities 
have already been considered in e.g. |29l - [3l| .) This is 
probably beyond the capabilities of present free-electron 
lasers, see, e.g., [S^]- However, future light sources such 
as seeded free-electron lasers should achieve improved co- 
herence times and higher intensities (especially after fo- 
cussing with X-ray lenses). 

On the other hand, when considering other nuclear res- 
onances beyond the well-known ^^Fe-example, wc find 
that the requirements arc somewhat easier to fulfill. For 
example, considering the ^°^Hg resonance at AE-y ~ 
1.6 keV with t = 81 ns and again assuming Vt = 10^ 
coherent wave-trains, we would "only" need a pump in- 
tensity of /pump ~ 8.0-10^^ W/cm^ according to Eq. ((25|) . 

Unfortunately, this intensity is probably still too large: 
After inserting typical values for the absorption cross sec- 
tion of 1.6 kcV-photons in metals (or other solid materi- 
als) , we find that the pump beam deposits enough energy 
in the foil to evaporate it. Even though the thcrmal- 
ization dynamics following the illumination with such a 
8.0 • 10^^ W/cm^-beam of 1.6 keV-photons is not well 
studied yet, one would expect that the foil starts to dis- 
integrate after a few pico-seconds [3J| and hence docs not 
survive long enough for our purposes. 

In summary, the major difficulty of our set-up is that 
it requires extremely large pump intensities. As we may 
infer from Eq. (j25p . the pump intensity scales with the 
fifth power of the transition energy w. Thus, our scheme 
should be much easier to realize at lower energies. As one 
possible example, let us envisage a UV-laser. In this case, 
the nuclear transitions could be replaced by suitable elec- 
tronic transitions in atoms or molecules. The pumping 
could be achieved either directly via a free-electron laser 
in the low-energy regime or indirectly via a two-photon 
transition generated by two optical lasers, for example. 

Let us discuss the latter case using a three-level sys- 
tem as depicted in Fig. [H Assuming two pump-lasers 
with optical frequencies uji and uj2, the laser could op- 
erate in the ultra-violet regime Wuv In this case, the 
expression gApump for one-photon pumping in Eq. (|24p 
should be replaced by ^23^i"™^534^2"™'^/^- Note that 
the coupling constant 323 of the "dipole-forbidden" 2s- 
3d transition is typically much smaller than 934. As- 
suming typical values, such as a dipole coupling length 
of three Bohr radii, we would need pump-laser intensi- 



ties of about In 



0(10^° W/cm2) over a length 




FIG. 4: Sketch (not to scale) of the level scheme. The 
pumping process from 2s to 4p is induced by a detuned two- 
photon transition, i.e., both photons together are in resonance 
E4 — E2 = uJi+ UJ2 while one-photon absorption is suppressed 
by the detuning A where E3 — E2 — ioi ~ A. The laser op- 
erates via the one-photon transition from 4p back to 2s and 
emits photons of the energy a;uv = wi -|- 012. 



of 91 = 10'' coherent wave-trains with a detuning of 
A = 0(10"''^ Hz) in order to prevent unwanted excita- 
tions of the middle 3d level. The condition for dom- 
inant coherent emission, Tsp/rgingio <S 1, can be ful- 
filled for Si/L\ ~ 0(10^ ^m~^), which is quite reason- 
able. In this scenario, the duration of the laser pulse 
Tg\. is comparable to the length of the pump pulse 

■''pump ~ T^t = 0(10 ps) and its intensity is well above 
0(10^ W/cm^), depending on the number of foils. 

Again, the main idea would be that the coherent emis- 
sion is strongly enhanced for S" ^ 1 in comparison to 
competing non-coherent decay channels. To this end, 
the two pump lasers must be parallel to ensure the spa- 
tial phase matching. 
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Appendix 

A. Coherent versus incoherent pumping 

Let us review the pumping process by applying the 
Holstein-Primakoff 1341 transformation 



±+ = b''yS-b1b={±-y , t'^Ph-S/2, (28) 

to the Hamiltonian Eq. (|17p and considering the limit 
S ^ s, i.e., the beginning of the pumping process 



We first analyze the case of coherent pumping, that is 
pumping with a coherent pulse Apumpit), i.e., the same 
time-evolution operator for the whole pumping process 



Ustit) = exp 



-H.c, 



(30) 



A time-dependent coherent state of excitons is created 

Pit) = -i~gVS f drApu„,p(T) , (31) 

Jo 

whose exciton number grows quadratically with time t 
n{t)^\m\^^0{g^SAl^^pf) . (32) 

An incoherent pump-pulse, in contrast, can be ap- 
proximated as a succession of many uncorrelated coher- 
ent pulses Apump{t) incident on the target. The time- 
evolution operator then is a product of many coherent 
displacement operators 



i \ i 



(33) 



For uncorrelated pulses, the Pi have random phases, such 
that the sum corresponds to a random walk 



^eff (j) =^l3t(X y/] CxVt, 



(34) 



such that the exciton number n — |/?cffP grows merely 
linearly with time in this case. 



B. Expressing g in terms of Fsingio and ui 

The coupling constant |(7re| can be expressed via the 
decay rate Fgingic and frequency w 

Psingle = 2^ /" d'k \gk\^5 (Wfe - W) « 8^2|^^^|2^2 (35) 

The dimcnsionless coupling constant g can be obtained 
via g = \gK.\^j2{2TiYijj since our Hamiltonian contains 
the classical field Apump(i)- As a result we arrive at 



27rFs 



(36) 



V,t~~gAp^^p{t)UsP + 11.C. 



(29) 
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